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Abstract
It is known that if we assume the Generalized Riemann Hypothesis, then any normal CM-field with
relative class number one is of degree less than or equal to 96. All normal CM-fields of degree less than
48 with class number one are known. In addition, for normal CM-fields of degree 48 the class number one
problem is partially solved. In this paper we will show that under the Generalized Riemann Hypothesis
there is no more normal CM-fields with class number one except for the possible fields of degrees 64 or 96.
© 2006 Elsevier Inc. All rights reserved.
MSC: primary 11R29; secondary 11R21
1. Introduction
According to [36] there exist only finitely many normal CM-fields with class number one.
(See also [48].) The degrees of such CM-fields are less than or equal to 216 ([2,11], and [18]).
Moreover, if we assume the Generalized Riemann Hypothesis, then any normal CM-field with
class number one is of degree less than or equal to 96 ([2] and [18]). All imaginary abelian
number fields with relative class number one are known: their degrees are less than or equal to
24 ([7] and [51]). All normal CM-fields of degrees less than 48 and class number one are known.
For full details see [8,16,17,19,20,29–32,38,42]. For those of degree 48 the problem is partially
solved: there is precisely one normal CM-field of degree 48 with class number one which has a
normal CM-subfield of degree 16 [9]. In this paper we will show the following:
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(1) If N is a normal CM-field of degree 2n with 48 < 2n < 96 and 2n = 64, then the class
number of N is greater than one.
(2) If we assume the Generalized Riemann Hypothesis and if N is a normal CM-field of de-
gree 48 containing non-normal CM-subfields of degree 16, then the class number of N is
greater than one.
Consequently, if we assume the Generalized Riemann Hypothesis, then all normal CM-fields
with class number one are known except for possible fields of degree 64 or 96. Note that there
are 256 and 223 non-abelian groups of order 64 and of order 96, respectively [49].
To prove Theorem 1 there remains to solve the class number one problems for the normal
CM-fields of degrees 8 · 7, 8 · 11, 16 · 3, 16 · 5, 8 · 32, 2 · 33, 4 · 3 · 5, and 4 · 3 · 7. In fact, every
normal CM-field of degree 2p, 2p2, or 90 is an imaginary abelian number field where p is an odd
prime. This is because the complex conjugation is in the center of the Galois group. Furthermore,
the class number one problem for normal CM-fields of degrees 4p, 4p2, or 2pq is solved, where
p and q are distinct odd primes [8,16,17,31]. To solve the class number one problem for normal
CM-fields of a given degree we first classify all possible Galois groups and then try to solve this
problem for a given Galois group. Our strategy is as follows.
First, using the known solutions to various (relative) class number one problems for normal
CM-fields of degrees less than 48 we shorten the list of the possible Galois groups. (See Propo-
sition 2.1 points (4) and (5) below.)
Second, we examine carefully the decompositions of prime ideals and then prove without
computation that the class numbers of the normal CM-fields with certain Galois groups are
greater than one. For this purpose we use some well-known results on the divisibilities of (rela-
tive) class numbers. (See Proposition 2.1 points (3), (6), (7), and (8) below.)
Third, for each of the remaining groups in the above list we try to factorize the relative class
number of a normal CM-field N into a product of those of its CM-subfields. So we reduce the
computations of the relative class number of a CM-field to those of its CM-subfields of lower
degrees which are easier to compute.
Fourth, we determine all such CM-subfields M with a given relative class number h−M , where
h−M ∈ {1,2,4}. (See Proposition 2.1 points (4) and (5).) To this end we proceed as usual. Using
the class number formula we get lower bound for the given relative class number of M which
yields upper bound for dM , the absolute value of the discriminant of M . We construct all CM-
fields M such that dM is less than the above upper bound. To compute relative class number of M
we fix a totally real subfield L such that M/L is abelian. We factorize the Dedekind zeta function
of M into the product of the Hecke L-functions over L. Using [25] and [26] we evaluate these
L-functions at s = 0. By the analytic class number formula we get the relative class numbers of
the CM-subfields M of N and then those of N .
The structure of this paper is as follows. Section 2 recalls the well-known results on CM-fields
which will be used in the sections below. In Section 3 we study the non-abelian normal CM-fields
of degree 56 or 88. In Section 4 we deal with the fields of degree 48 or 80. Sections 5, 6, and 7
are devoted to the fields of degrees 72, 60 or 84, and 54, respectively.
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Throughout this paper we use the following notations. For a number field K , let OK , dK , ζK ,
hK , h
+
K , Hil(K), Hilnar(K), and wK  2 be the ring of algebraic integers, the absolute value
of the discriminant, the Dedekind zeta function, the class number, the narrow class number, the
Hilbert class field, the narrow Hilbert class field of K , and the number of roots of unity in K ,
respectively. Let κK denote the residue of ζK(s) at s = 1. For a finite abelian extension K/k
of number fields we let FK/k be the finite part of its conductor and set fK/k = Nk/Q(FK/k).
When K is a CM-field, we will denote by K+, h−K , and QK ∈ {1,2}, the maximal totally real
subfield, the relative class number, and the Hasse unit index of K , respectively. For a normal
extension K/k we denote by G(K/k) its Galois group. For a subgroup H of G(K/k), the fixed
field of H is denoted by H ′. Let Dn be the dihedral group of order n, Cn the cyclic group of
order n, Fp,q = 〈a, b | ap = bq = 1, b−1ab = au〉, the Frobenius group of order pq , where p
is a prime, q | (p − 1), and u is an element of order q in Z∗p , and Qn the dicyclic group of
order n. (Q8 is usually said to be the quaternion group of order 8.) For a group H let C(H) be
the center of H , and Jp a p-Sylow subgroup of H . We denote by τ the complex conjugation.
In a lattice of subfields of N we use the symbol  for a CM-subfield and the symbol • for a
totally real subfield. To describe an abelian number field N of conductor fN we give usually
its associated group of Dirichlet characters. For an odd prime p let χp be an odd primitive
Dirichlet character of conductor p, order p−1. For ρ  2, let ψpρ be an even primitive Dirichlet
character of conductor pρ , order pρ−1 with ψppρ = ψpρ−1 . For the prime 2, let χ4 be the odd
Dirichlet quadratic character of conductor 4. When ρ  3, let ψ2ρ be the even primitive Dirichlet
character of conductor 2ρ , order 2ρ−2 with ψ22ρ = ψ2ρ−1 . For a primitive modular character χ its
conductor is denoted by Fχ .
We recall some results that will be used later:
Proposition 2.1.
(1) [50] Let K be a CM-field of degree 2n over Q. Then
h−K =
QKwK
(2π)n
√
dK
dK+
κK
κK+
.
(2) [31, Lemma 2] A totally imaginary normal number field is a CM-field if and only if the
complex conjugation lies in the center of its Galois group.
(3) [20, Proposition 6] Let K be a CM-field and t the number of ramified prime ideals in K/K+.
Then 2t−1 divides h−K and 2t divides h
−
K if QK = 2.
(4) Let K = L1L2 be a compositum of two CM-fields L1 and L2 with the same maximal totally
real subfield L+1 = L+2 .
(i) ([30, Proposition 2] and [20, Proposition 13]) Then
h−K = QK/(QL1QL2) · wK/(wL1wL2) · h−L1h−L2
and h−L1h
−
L2
divides 4h−K . In particular, if L1 and L2 are isomorphic, then
h− = QK/2 · (h− /QL1)2.K L1
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(ii) [9, Proposition 1] If hK = 1, then hL1 and hL2 are 1 or 2. If hK = 1 and hL1 = hL2 = 2,
then hL+1 = hL+2 = 2.
(5) ([12, Theorem 5], [37], or [31, Theorem 5]) Let k ⊂ K be two CM-fields. Then h−k divides
4h−K . Moreover, if [K : k] is odd, then h−k divides h−K and Qk = QK .
(6) [4, Lemma 9.4] Let K/k be a cyclic extension of prime degree p with p  hk . Let t be the
number of ramified primes in K/k and r1, r2 be the number of real and complex primes of k,
respectively.
(a) If k contains the pth roots of unity and if t > r1 + r2 + 1, then p | hK .
(b) If k does not contain the pth roots of unity and if t > r1 + r2, then p | hK .
(7) [31, Proposition 8] Let p be any odd prime number. Let K/k be a cyclic extension of degree p
of CM-fields and K+/k+ also be cyclic. Let s be the number of prime ideals of k+ which
split k/k+ and as well as are ramified in K+/k+. Then ps−1h−k divides h−K , and psh−k
divides h−K if p does not divide wk , the number of roots of unity in k.
(8) [35, Corollaries 2.2 and 2.3] Let E/F be an extension of number fields. Then hF divides
[E : F ]hE .
Proposition 2.2.
(1) [28, Theorem 1] For any totally imaginary number field K of degree  12 and root discrim-
inant  2π2 we have
κK 
1
2
(1 − β)d(β−1)/2K
if ζK(β) 0 for some β ∈ [1 − (2/ logdK),1), and
κK  (1 − β)d(β−1)/2K
if ζK(β) 0 for some β ∈ [1 − (2/ logdK),1 − (1/ logdK)].
(2) Let K range over the abelian extensions of degree m unramified at all the infinite places of
a given k. Then there exists a computable constant μk  0 such that
κK 
(
1
2(m − 1) log
(
dK/d
m
k
)+ 2μk)m−1κmk .
If K/k is unramified at all the places, then κK  μm−1k κmk . Moreover, if k is a real abelianfield of degree n 2, then
μkκk 
logn dk
2n+1(n − 1)n−1 .
(3) Let k be a real abelian number field of degree n 2. Then
κk 
(
logdk
)n−1
.
2(n − 1)
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κk 
1 − β
8
log2 dk.
Proof. (2) The first assertion and the second one are Corollary 2 in [22]. According to [44] (see
also [45]) for any primitive even character χ of conduct f we have |L(1, χ)| (logf )/2. Hence,
the proofs of [22, Theorem 11] or [27, Theorem 9] now yield the third assertion.
(3) is derived from [21, Corollaries 5A and 7B] and [44, Corollary 1]. 
Proposition 2.3. ([17,33] and [34]) Let p be an odd prime number. Let K be a real dihedral field
of degree 2p which is cyclic over a real quadratic field L.
(1) There is a positive rational integer f such that the conductor of K/L is given by
FK/L = (f ). Moreover, there exists a primitive modular character χ0 of order p on
(OL/FK/L)∗ which is trivial on the images of Z in this group as well as on the image of
the fundamental unit εL in this group.
(2) Let Q be a prime ideal of L lying above the rational prime q . If Q is inert in K/L, then q
split in L/Q. If q is totally ramified in K/Q, then q = p. If q = p andQ is ramified in K/L,
then q ≡ χL(q) (mod p), where χL is the quadratic character associated with L/Q.
(See also [3, Section 10.1.5].)
3. The non-abelian normal CM-fields of degree 56 or 88
Assume that N is a non-abelian normal CM-field of degree 8p with p ∈ {7,11}. The group
G(N/Q) has only one normal subgroup of order p. This is clear if p = 11. Suppose that p = 7
and the number of 7-Sylow subgroups of G(N/Q) is greater than one. Then a 7-Sylow subgroup
J7 of G(N/Q) would not be normal, so the subgroup 〈J7, τ 〉 would not be normal. The fixed
field K4 = 〈J7, τ 〉′ would be a non-normal quartic subfield of N+, so the normal closure of K4
would be N+ and [N+ : Q] = 28 would divide 24. This is a contradiction. Let N8 be the unique
octic normal CM-subfield of N and let Kp be a totally real subfield of degree p over Q which
is the fixed field of a 2-Sylow subgroup of G(N/Q). Then G(N/Kp) 
 G(N8/Q) is one of the
five groups of order 8. We shall study all the five cases and prove the following.
Proposition 3.1. Let N be a normal CM-field of degree 56 or 88. Let N8 be its unique oc-
tic normal CM-subfield. Then h−N > 1 if G(N8/Q) ∈ {C8,C4 × C2,Q8,D8}, and hN > 1 if
G(N8/Q) 
 C2 × C2 × C2.
The proof of Proposition 3.1 consists of the five following subsections according to G(N8/Q).
3.1. G(N8/Q) 
 Q8. According to [20] G(N8/Q) 
 Q8 implies that h−N8 is even and hence
so is h−N by Proposition 2.1 point (5). Thus G(N8/Q) 
 Q8 is ruled out.
3.2. G(N8/Q) 
 C8. We have G(N/Q) = 〈a, b | ap = b8 = 1, b−1ab = ak with k2 ≡
1 mod p〉, where τ = b4. Notice that p ≡ 3 mod 4 and k4 ≡ 1 mod p imply k ≡ ±1 mod p.
If k ≡ 1 mod p, then G(N/Q) is abelian and h− > 1. If k ≡ −1 mod p, then b−2ab2 = a, 〈b2〉N
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 D2p . Thus, N has a totally real normal subfield N2p
of degree 2p and N = N2pN8. By [24, Theorem 5] h−N > 1.
3.3. G(N8/Q) 
 C4 × C2. We have either
(i) G(N/Q) = 〈a, b, c | ap = b4 = c2 = 1, bc = cb, b−1ab = ak with k2 ≡ 1 mod p, τ = c,
and c−1ac = a〉 or
(ii) G(N/Q) = 〈a, b, c | ap = b4 = c2 = 1, bc = cb, b−1ab = ak with k2 ≡ 1 mod p, τ = b2,
c−1ac = al with l2 ≡ 1 mod p〉
according as G(N+8 /Q) 
 C4 or G(N+8 /Q) 
 C2 ×C2. We consider these two cases separately.
3.3.1. The fields N with G(N+8 /Q) 
 C4. If k ≡ 1 mod p, then G(N/Q) is abelian and
hence h−N > 1. If k ≡ −1 mod p, then 〈b2c〉 is normal in G(N/Q) and G(N/Q)/〈b2c〉 
 Q4p .
Let N4p = 〈b2c〉′. According to [32, Theorem 1], h−N4p > 4 for p  5, so h−N > 1.
3.3.2. The fields N with G(N+8 /Q) 
 C2 ×C2. If k ≡ l ≡ 1 mod p, then G(N/Q) is abelian
and h−N > 1. The case (k, l) = (−1,1) has been already treated in 3.3.1. If l ≡ −1 mod p, then
G(N/Q) 
 D2p × C4. If (k, l) = (1,−1), then G(N/Q) = 〈a, c〉 × 〈b〉. If k ≡ l ≡ −1 mod p,
then G(N/Q) = 〈a, c〉 × 〈bc〉. Changing bc to b if necessary we may assume that k ≡ 1 mod p
and l ≡ −1 mod p. Let N2p = 〈b〉′ and N2 = 〈a, b〉′. By [7] there are six CM-fields N8 such
that G(N+8 /Q) 
 C2 × C2 and h−N8 = 1: 〈χ5,ψ8〉, 〈χ5, χ613〉, 〈χ5, χ817〉, 〈χ313, χ25 〉, 〈χ313,ψ8〉,
〈χ4ψ16, χ25 〉. For each of these six fields N8 we will examine whether there exists a normal CM-
field N containing a given N8 with h−N = 1. According to Proposition 2.3 the conductor FN2p/N2
can be written as FN2p/N2 = (f ) with f ∈ Z. We consider the rational primes q such that the
prime ideal lying above q in N2 is ramified in N8/N2: q ∈ {2,5,13}. By [38, Proposition 14]
h−N = 1 implies q | f . Since h−N8 = 1, q does not split in N2/Q. Since q = p, q cannot be ram-
ified in N2/Q. Hence, if h−N = 1, then q must be inert in N2/Q. According to Proposition 2.3
point (2) q ≡ −1 mod p. Hence, h−N = 1 implies that (p, q) = (7,13). So, we have two choices
for the pairs (N8,N2): (i) N8 is associated with 〈χ313, χ25 〉 and N2 = Q(
√
5 ); (ii) N8 is associ-
ated with 〈χ313,ψ8〉 and N2 = Q(
√
2 ). For each of these two cases we compute C such that if
f 2 = fN2p/N2 > C then h−N > 1: (N2,C) ∈ {(Q(
√
5 ),502), (Q(
√
2 ),652)}. Then we look for all
possible conductors FN2p/N2 = (f ) with f 2  C. For these two cases we verify that there is no
primitive modular character of order 7 on (ON2/FN2p/N2)∗ which is trivial on the image of the
fundamental unit of N2 as well as on the image of Z. Therefore, h−N > 1 if G(N8/Q) 
 C4 ×C2.
3.4. G(N8/Q) 
 C2 × C2 × C2. We have G(N/Q) = 〈a, b, c, d | ap = b2 = c2 = d2 = 1,
b−1ab = a, c−1ac = ai, d−1ad = aj with i2 ≡ j2 ≡ 1 mod p, bc = cb, bd = db, cd = dc〉,
where τ = b. If i ≡ j ≡ 1 mod p, then G(N/Q) is abelian and h−N > 1. Otherwise, G(N/Q) 

C2 × D4p , so hN > 1 by [38, Theorem 9].
3.5. G(N8/Q) 
 D8. We have G(N/Q) = 〈a, b, c | ap = b4 = c2 = 1, c−1bc = b−1,
b−1ab = ai with i2 ≡ 1 mod p, c−1ac = aj with j2 ≡ 1 mod p〉, where τ = b2. If i ≡ j ≡
1 mod p, then G(N/Q) = 〈a〉 × 〈b, c〉 
 Cp ×D8. This case will be dealt with in Section 3.5.1.
If i ≡ 1 mod p and j ≡ −1 mod p, then G(N/Q) 
 D8p , so h− > 1 by [17, Theorem 1.1]. IfN
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i ≡ −1 mod p, then j ≡ ±1 mod p and both j s define the same group G(N/Q) 
 Cp  D8.
We will study this case in Section 3.5.2. Note that there are 19 octic dihedral CM-fields N8 with
h−N8 = 1 [29].
3.5.1. G(N/Q) 
 Cp ×D8. The subfield lattice of N is as in Fig. 1. But G(N2p/Q) 
 C2p ,
G(Kp/Q) 
 Cp , G(N+/N2) 
 C2p , and G(N/N2) 
 C4p . For each of the 19 fields N8 with
h−N8 = 1 we will examine whether there is a normal CM-field N with h−N = 1 containing the
given N8. Since N8 is the narrow Hilbert 2-class field of N2, the extension N/N2p is unramified
at all finite primes. We have dN = d2N+ , dN+ = d2pN2f
2(p−1)
N2p/N2
, and QN = QN8 = wN = wN8 = 2.
By Proposition 2.1 point (1)
h−N 
2dpN2
e(4π2κN2)2p
f
p−1
N2p/N2
log(dpN2f
p−1
N2p/N2
)(
p−1
(2p−1) log(fN2p/N2) + 2μN2)2p−1
.
Furthermore, h−N/h
−
N8
= NQ(ζ4p)/Q( 14L(0, χ)) = NQ(ζp)/Q( 14L(0, χ))2, where χ is any one of
primitive characters of order 4p associated with the cyclic extension N/N2, ζ4p is a primitive
4pth root of unity. (An argument similar to [9, Lemma 1 point (4)] shows that L(0, χ) ∈ Z[ζp].
See also [26].) First, for each of the 19 fields N8 we compute Bp such that fN2p/N2 > Bp im-
plies h−N > 1. Second, we find all possible conductors FN2p/N2 with fN2p/N2  Bp . Finally, we
compute h−N and verify that h
−
N > 1. Our computational results are summarized in Tables 1 and 2.
3.5.2. G(N/Q) 
 Cp  D8. The subfield lattice of N is given in Fig. 2. By Proposition 2.1
point (4) h−N = QN2 ·(h−K4p/QK4p )2. Since QN4 = 1 and QN8 = 2, we have QK4p = 1 and QN = 2
by Proposition 2.1 point (5), and hence h−N = (h−K4p )2. We will examine whether there is K4p
with h−K4p = 1 or not. We have
dK4p =
⎧⎨⎩ d
2p
N2
f 4(p−1)f pN4/N2 if gcd(FN2p/N2,FN4/N2) = (1),
d
2p
f 4(p−1)fN /N otherwiseN2 4 2
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Nr. N2 κN2 μN2  B7 B11
1 Q(
√
34 ) 1.4572 0.6285 2900 1470
2 Q(
√
205 ) 1.0507 0.8512 770 430
3 Q(
√
221 ) 0.7275 1.0622 300 180
4 Q(
√
305 ) 1.5771 0.9137 1540 820
5 Q(
√
377 ) 1.2658 1.1927 790 450
6 Q(
√
545 ) 1.4178 1.2455 690 390
7 Q(
√
146 ) 0.9385 1.4452 230 140
8 Q(
√
178 ) 1.2100 1.4269 360 210
9 Q(
√
745 ) 2.4995 0.9936 1760 930
10 Q(
√
1345 ) 3.0031 1.0595 1370 740
11 Q(
√
1537 ) 2.6258 1.2130 900 500
12 Q(
√
466 ) 1.9783 1.3345 340 200
13 Q(
√
1945 ) 2.6568 1.3069 760 430
14 Q(
√
2041 ) 3.3615 1.1322 1130 610
15 Q(
√
562 ) 1.6795 1.5128 200 120
16 Q(
√
2329 ) 2.9259 1.3022 740 420
17 Q(
√
2353 ) 2.6117 1.3896 570 330
18 Q(
√
4369 ) 3.5725 1.3589 570 320
19 Q(
√
7081 ) 3.7365 1.4961 370 220
Table 2
p N2 FN2p/N2 h−N
7 Q(
√
34 ) (29) (=P29P ′29) (152 384)2
Q(
√
377 ) P29 with (29) =P229 (344)2
11 Q(
√
305 ) (23) (=P23P ′23) (10 580 923 343)2
Q(
√
745 ) (23) (=P23P ′23) (1 307 236 433 801)2
(for if gcd(FN2p/N2,FN4/N2) = (1), then FN4/N2 divides FN2p/N2 for all N8 with h−N8 = 1)
dN2p = dpN2f 2(p−1), and
h−K4p 
4
√
dK4p/dK+4p
e(2π)2p(logdK4p )(logf + 2μN2)p−1κpN2
,
where (f ) = FN2p/N2 . For each of the 19 fields N8 with h−N8 = 1 we compute C such that
f > C implies h−K4p > 1. We find all possible conductors FN2p/N2 = (f ) with f  C and verify
that there is no primitive modular character of order p on (ON2/FN2p/N2)∗ which is trivial on
the image of the fundamental unit of N2 as well as on the image of Z. For more detail on the
computational results see [39, Section 3.4.2]. Consequently, h−N > 1 if G(N/Q) 
 Cp  D8.
Our proof of Proposition 3.1 is complete.
S.-M. Park, S.-H. Kwon / Journal of Number Theory 125 (2007) 59–84 67Fig. 2. The subfield lattice of N with G(N/Q) 
 Cp  D8.
4. The non-abelian normal CM-fields of degree 48 or 80
Assume that N is a non-abelian normal CM-field of degree 16p with p = 3 or 5. It is known
that if |G(N/Q)| = 48 and G(N/Q) has only one 3-Sylow subgroup, then there is only one
normal CM-field N with class number one [9]. In Section 4.1 we will examine normal CM-
fields N of degree 48 containing non-normal CM-subfields of degree 16 and will verify that if
the Generalized Riemann Hypothesis is true, then hN > 1 for all such fields N . In Section 4.2
we will prove that every normal CM-field of degree 80 has class number greater than one.
4.1. The normal CM-fields of degree 48 containing a non-normal CM-subfield of degree 16.
Let N be a normal CM-field of degree 48 containing non-normal CM-subfields of degree 16.
Lemma 1. Let N be as above. Then G(N/Q) is one of the following eight groups:
G(N/Q) A4 × C4 A4 × C2 × C2 SL(2,3) × C2 t16n60
G(N+/Q) A4 × C2 A4 × C2 SL(2,3) or A4 × C2 A4 × C2
G(N/Q) S4 × C2 GL(2,3) t16n62 t16n65
G(N+/Q) S4 S4 S4 S4
Here, t16n60, t16n62, t16n65 are given by GAP [13] and its generators will be given in below.
Proof. Let J3 be a 3-Sylow subgroup of G(N/Q) and set K16 = J ′3. The normalizer N(J3) con-
tains the subgroup generated by J3 and the complex conjugation, so 6 divides |N(J3)|. Since
the number of 3-Sylow subgroups is equal to |G|/|N(J3)| which is congruent to 1 mod 3, there
are exactly four 3-Sylow subgroups and |N(J3)| = 12. The fixed field K4 of N(J3) is a non-
normal totally real quartic field, because of N(N(J3)) = N(J3)  G(N/Q). The normal closure
K˜4 of K4 has Galois group G(K˜4/Q) isomorphic to A4 or S4 because G(K˜4/Q) cannot be iso-
morphic to D8. Since the normal closure of K16 is N and that of K+ is N+, so G(N/Q) is a16
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G(N+/Q) ∈ {SL(2,3), A4 ×C2, S4}. Since the second cohomology group H 2(S4, {±1}) is iso-
morphic to C2 × C2, there are four groups G(N/Q) with G(N+/Q) 
 S4 [43, Proposition 2.4].
By using GAP [13] we verify that these four groups are S4 ×C2, GL(2,3), t16n62, and t16n65.
In the case that G(N+/Q) 
 SL(2,3) or A4 × C2, using GAP [13] we verify that there are four
transitive groups of degree 16 of order 48 having a factor group isomorphic to A4 and whose
centers contain an element of order 2: A4 × C4, A4 × C2 × C2, SL(2,3) × C2, and t16n60. 
In Sections 4.1.1–4.1.8 we will investigate all of these eight groups and will prove the follow-
ing:
Proposition 4.1. Assume the Generalized Riemann Hypothesis. If N is a normal CM-field of
degree 48 containing a non-normal CM-subfield of degree 16, then hN > 1.
4.1.1. G(N/Q) 
 A4 ×C4. Let G(N/Q) 
 A4 ×〈b〉 with τ = b2. Let N12 be the fixed field
of the subgroup 〈(12)(34), (13)(24)〉 × {1}. Then N12 is an imaginary cyclic number field of de-
gree 12. Suppose h−N = 1. By Proposition 2.1 point (5) h−N12 ∈ {1,2,4}. Let N2 (N4 respectively)
be the quadratic (quartic respectively) subfield of N12. By [6], the conductor fN2 of N2 is an
odd prime p. Let pON+ =
∏g
i=1 p
e
i . Let M12 = 〈b〉′. Since G(M12/Q) 
 A4, pOM12 has at least
three prime divisors and hence g  3. We claim that pis are ramified in N/N+. Since p is totally
ramified in N4, the ramification index of p in N is a multiple of 4. If p is unramified in M12,
then p is totally ramified in N/M12, and hence pis are ramified in N/N+. If p is ramified in
M12, then the ramification index of p in M12 is 2 or 3. Hence, p must be ramified in N/M12, so
pis are ramified in N/N+. This proves our claim. By Proposition 2.1 point (3) 22 | h−N , contrary
to our initial assumption. Consequently, if G(N/Q) 
 A4 × C4, then h−N > 1.
4.1.2. G(N/Q) 
 A4 × C2 × C2. Let G(N/Q) 
 A4 × 〈b〉 × 〈τ 〉 with b2 = 1. Then
N = N24M24 is the compositum of two normal CM-subfields N24 = 〈b〉′ and M24 = 〈bτ 〉′ with
N+24 = M+24 = 〈b, τ 〉′. Let N6 (M6 respectively) be the unique cyclic sextic subfield of N24 (M24
respectively). Suppose hN = 1. Then h−N24 = 1 or h−M24 = 1 by Proposition 2.1 point (4)(ii), say
h−N24 = 1. By [19, Theorems 10 and 14] h−N6 = 4 and N6 is associated with either 〈χ1031 , χ4ψ8〉
or 〈χ2061 , χ3〉. Since M+6 = N+6 and h−M6 ∈ {1,2,4}, according to [40] there are three candidates
for (N6,M6): N6 is associated with 〈χ1031 , χ4ψ8〉 and M6 is any one of the three fields associated
with 〈χ1031 , χ3〉, 〈χ1031 , χ4〉 or 〈χ1031 , χ25 χ1531 〉. Now we compute the (relative) class numbers of these
three composita N12 = N6M6: h−N12 = hN+12 = 4 if M6 is of conductor 93 and h
−
N12
= 16 other-
wise. By Proposition 2.1 point (8) 16 | (4 ·hN). Consequently, if G(N/Q) 
 A4 ×C2 ×C2, then
hN > 1.
4.1.3. G(N/Q) 
 SL(2,3) × 〈b〉 with b2 = 1. Note that C(SL(2,3)) is of order 2, write
C(SL(2,3)) = 〈a〉. If τ = a, then G(N+/Q) 
 A4 × C2. Otherwise, G(N+/Q) 
 SL(2,3). We
consider two cases separately. Let N2 be the fixed field of SL(2,3) × {1} and N3 the fixed field
of the 2-Sylow subgroup of G(N/Q).
(A) Assume G(N+/Q) 
 A4 × C2. Then N = N24M24 is the compositum of two normal
CM-subfields N24 = 〈b〉′ and M24 = 〈ab〉′ with N+24 = M+24 = 〈a, b〉′. Note that G(N24/Q) 

SL(2,3) 
 G(M24/Q). Suppose hN = 1. By Proposition 2.1 point (4)(ii), h− = 1 or h− = 1,N24 M24
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that G(N24/N3) 
 Q8.) Let p be a prime divisor of dN2 . Then p is ramified in N/N24 and
hence in M24/M+24. The number of the prime divisors of p in M
+
24 is at least 4. This is because
G(M+24/Q) 
 A4 and M+24/N3 is unramified. By Proposition 2.1 points (3) and (5) 23 | h−M24 and
h−M24 | 4h−N , which implies 2 | h−N . This is contrary to our initial assumption hN = 1. Hence, if
G(N/Q) 
 SL(2,3) × C2 with G(N+/Q) 
 A4 × C2 then hN > 1.
(B) Assume G(N+/Q) 
 SL(2,3). We may assume τ = b. Then N = N24M24 is the com-
positum of N24 = 〈ab〉′ and M24 = 〈a〉′. Note that G(N24/Q) 
 SL(2,3), G(M24/Q) 
 A4 ×C2,
and N+24 = M+24 = 〈a, b〉′. Suppose hN = 1. Then h−N24 = 1 or h−M24 = 1. Similarly as (A)
we prove that h−N24 = 1 implies 2 | h−N . Now, suppose h−M24 = 1. By [19, Theorems 10 and
14] N2 = Q(√−p ) with p = 2 or 3, pON3 = p1p2p3 splits in N3, QM24 = 2, and pis for
1 i  3 are ramified in M+24/N3. Since G(N24/N3) 
 Q8, those prime ideals pis for 1 i  3
are ramified in N+24/N3 (N+24 = M+24) and hence in N24/N+24. By Proposition 2.1 point (3), 4
divides h−N24/QN24 . By Proposition 2.1 point (4)(i), h
−
N = (h−N24/QN24)/2 and hence 2 | h−N ,
which is contrary to our initial assumption hN = 1. Therefore, if G(N/Q) 
 SL(2,3) ×C2 with
G(N+/Q) 
 SL(2,3) then hN > 1.
4.1.4. G(N/Q) 
 t16n60 
 SL(2,3)  C2 
 〈a, b, c | a4 = b4 = c3 = 1, a2 = b2, ab =
ba−1, c−1ac = ab, c−1bc = a−1〉  〈d | d2 = 1〉, where d−1ad = a−1, d−1bd = b−1, and
d−1cd = ca. Note that C(G(N/Q)) = 〈z = (dc)3 | z4 = 1〉 with τ = z2 and G(N+/Q) 

A4 × C2. Let K24 = 〈d〉′ and L24 = 〈dz2〉′. Then K+24 = L+24 = 〈d, z2〉′ and N = K24L24. Since
a−1da = dz2, K24 and L24 are isomorphic and hence h−N = QN/2 · (h−K24/QK24)2 by Proposi-
tion 2.1 point (4). Suppose hN = 1. Then QN = 2 and hence by Proposition 2.1 point (3)
N/N+ is unramified at all the finite places. (i)
Let N6 = 〈a, b〉′, N12 = 〈z〉′, and N3 = N6 ∩N12. (Note that τ = z2 = a2 = b2 and 〈a, b〉 
 Q8.)
Then G(N6/Q) 
 C6 and G(N12/Q) 
 A4. Hence, (i) implies that
Hil(N6) = N+ = Hilnar(N6). (ii)
Let N2 be the quadratic subfield of N6 and let K4 be any one of four non-normal quartic subfields
of N12. It can be easily verified that hN = 1 implies that
hN2 = h+N2 = hN3 = 1 (iii)
and
h+K4 = 2hK4 = 4. (iv)
By (iii), the conductor fN3 (fN2 respectively) of N3 (N2 respectively) has only one prime divisor.
That is,
fN3 = 32 or fN3 is a prime q with q ≡ 1 mod 6;
f = 8 or f is a prime p with p ≡ 1 mod 4.
}
(v)N2 N2
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p splits in N3. (vi)
According to [18, Theorem 1] if we assume the Generalized Riemann Hypothesis and h−N = 1,
then dN < (75.08)48. We verify that there are three pairs (fN3, fN2) satisfying the above con-
ditions (v), (vi), (iii), (ii) and dN = d8N6 = (f 4N3f 3N2)8 < (75.08)48 as well. From each of those
three pairs (fN3 , fN2) we construct the fields N12 and K4 as follows. Let pON3 = p1p2p3. Using
KASH [10] or GP [1] we compute the ray class field of conductor p1p2 and its quadratic sub-
fields. We verify that there are three quadratic subfields and among them there is only one field L6
satisfying FL6/N3 = p1p2. Similarly we get the quadratic extension L′6 satisfying FL′6/N3 = p1p3.
Then N12 = L6L′6. Using KASH [10] or GP [1] we determine K4. Among those three pairs there
is only one pair (fN3, fN2) satisfying (iv): (fN3 , fN2) = (37,29). Note that G(N/K4) 
 C12. Let
K16 be the unique intermediate field between N and K4 such that G(K16/K4) 
 C4. Note that
(iv) yields K16 = Hilnar(K4). Let 37OK4 = p37p′337. Then FN12/K4 = p37. We compute and verify
that h−K16 = 1 and h−N = 52 for (fN3 , fN2) = (37,29). This is contrary to our initial assumption
hN = 1. Consequently, assuming the Generalized Riemann Hypothesis we have proved that if
G(N/Q) 
 t16n60, then hN > 1.
Remark 1. If we do not assume the Generalized Riemann Hypothesis and if h−N = 1, then upper
bound for dN is larger than (9207)48 [2]. However, (9207)48 is already too large to realize the
computation.
4.1.5. G(N/Q) 
 S4 × C2 
 S4 × 〈τ 〉, where τ denotes the complex conjugation. Let N12
be the fixed field of the subgroup 〈(12)(34), (13)(24)〉 × {1} and let N4 be the fixed field of
the subgroup A4 × {1}. Then N4 ⊂ N12, G(N12/Q) 
 D12, and G(N4/Q) 
 C2 × C2. Suppose
hN = 1. Then Hil(N12) ⊆ N , Hil(N+12) ⊆ N+, Hil(N4) ⊆ N , and Hil(N+4 ) ⊆ N+, so hN4 =
hN+4
∈ {1,3}, h−N4 = 1, h−N12 ∈ {1,4}, and (hN12 , hN+12) ∈ {(4,1), (1,1), (4,4)}. Now, we consider
two cases separately: (A) (hN12 , hN+12) ∈ {(1,1), (4,4)} and (B) (hN12 , hN+12) = (4,1).(A) By [31] there are 9 normal CM-fields N12 such that G(N12/Q) 
 D12 and (hN12 , hN+12) ∈{(1,1), (4,4)}. For each of these 9 fields we will examine whether there exists a field N contain-
ing the given field N12 with h−N = 1. Note that G(N/N+12) = 〈(12)(34), (13)(24)〉 × 〈τ 〉 
 C2 ×
C2 × C2. Let ψ be the primitive odd character associated with N12/N+12, χ1 and χ2 two prim-
itive even characters such that the group 〈χ1, χ2,ψ〉 is associated with N/N+12. Let K12 be the
CM-subfield associated with 〈χ1ψ〉. Since the three elements of order 2 in 〈(12)(34), (13)(24)〉
are conjugate in G(N/Q), the three intermediate fields of degree 12 between N and N+12
that are totally imaginary and distinct from N12 are isomorphic. Using [26] we get the
factorization h−N/(QNwN) = (h−N12/(QN12wN12))(h−K12/(QK12wK12))3. Since wN = wN12 and
h−N12 = 1, h−N = (QN/QN12)(h−K12/(QK12wK12))3. We first compute C such that h−N = 1 implies
NN+12/Q
(Fχ1) C. Second, we find all possible conductors Fχ1 with NN+12/Q(Fχ1) C. Third,
for each χ1 we compute h−K12 using L(1, χ1ψ) and verify that h
−
K12
 14. Hence, hN > 1, a con-
tradiction.
(B) Note that N = Hil(N12) and G(N/N+12) 
 C2 × C2 × C2. It is easy to see that FN4/N+4
cannot be trivial and gcd(FN+/N+ ,FN /N+) = (1). We verify that there is no normal CM-12 4 4 4
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 D12, (hN12 , hN+12) = (4,1), h
−
N4
= 1, FN4/N+4 = (1), and
gcd(FN+12/N+4 ,FN4/N+4 ) = (1).
We conclude that if G(N/Q) 
 S4 × C2, then hN > 1. For more details, see [39, Sec-
tion 4.1.5].
4.1.6. G(N/Q) 
 t16n62 
 〈a, b | a4 = b6 = 1, ab = b2a3〉 with τ = b3. Then G(N+/
Q) 
 S4 and the normal CM-subfield N12 = 〈a2(ab)2, a2b3〉′ has G(N12/Q) 
 Q12. Note that
〈a2(ab)2, a2b3〉 
 C2 × C2. Suppose hN = 1. By Proposition 2.1 point (5), h−N12 | 4. According
to [32, Theorem 1] there are exactly four fields N12 with h−N12 | 4 and all of them have h−N12 =
hN12 = 4 and hN+12 = 1. In addition, hN = 1 implies that N = Hil(N12). We verify that for each
of these four fields N12 G(Hil(N12)/Q) 
 t16n62, but Hil(N12) is not a CM-field. We conclude
that hN > 1.
4.1.7. G(N/Q) 
 t16n65 
 〈a, b | a8 = b8 = 1, a4 = b4, bab−1 = abab2〉 with τ = a4.
We claim that h−N is even. A 2-Sylow subgroup 〈a, ab2〉 of G(N/Q) is isomorphic to Q16, the
dicyclic group of order 16. Let K3 = 〈a, ab2〉′ and N6 = 〈a2, b2〉′. Then K3 ⊂ N6, G(N/N6) 

Q8, and G(N6/Q) 
 D6. Let N2 be the quadratic subfield of N6. Let p be a prime divisor of
fN2 . There is a prime ideal lying above p that is ramified in N6/K3. Since G(N/K3) (
 Q16)
has only one element of order 2, the prime ideal(s) lying above p is(are) ramified in N/N+.
According to [15, Table I.3], the number of prime divisors of pON+ is greater than 1 and hence
2 | h−N , at will.
4.1.8. G(N/Q) 
 GL(2,3) 
 〈a, b | a8 = b3 = 1, b = ab−1a〉 with τ = a4. Then
G(N+/Q) 
 S4 and N = K24M24 is the compositum of two CM-subfields K24 = 〈bab〉′ and
M24 = 〈a4bab〉′. Since a2(bab)a−2 = a4bab, K24 and M24 are isomorphic. By Proposition 2.1
point (4), h−N = QN/2(h−K24/QK24)2. Let N6 be the fixed field of 〈a2, (ab)2〉 (
 Q8). Then
G(N6/Q) 
 D6. Suppose hN = 1. Then QN = 2 and hence by Proposition 2.1 point (3) N/N6 is
unramified at all the finite places. In addition, N+ = Hil(N6) = Hilnar(N6) and dN = d2N+ = d8N6 .
Let N2 (K3 respectively) be the quadratic (a cubic respectively) subfield of N6. Note that
G(N+/K3) 
 D8. Let K12 = 〈a2〉′ and K6 = 〈a2, bab〉′. Then
N+ is the normal closure of K6 and N+ is at the same time that of K12. (i)
It is easy to see that hN = 1 implies that
hN2 = h+N2 ∈ {1,3},
FN6/N2 = (f ) where f = 1,32, or a prime q with q ≡ 1 mod 6 and ( dN2q ) = 1,
Hil(K3) = Hilnar(K3) = K6, and hK6 = 1.
⎫⎪⎬⎪⎭ (ii)
By [18, Theorem 1] if we assume the Generalized Riemann Hypothesis, then dN < (75.08)48
and hence
dN6 = d2K3dN2 < (75.08)6 and dK3 < 1.9 × 105. (iii)
We verify that there is no N6 satisfying (i)–(iii). (All real cubic fields K3 with dK3  1.5 × 105
and their Hilbert class fields are listed in [46]. If dN6 < (75.08)6 and dK3 > 1.5 × 105, then
72 S.-M. Park, S.-H. Kwon / Journal of Number Theory 125 (2007) 59–84dN2 = 5 and 173  f  194. But, there is no prime q ≡ 1 mod 6 such that 173  q  194,
( 5
q
) = 1, and at the same time q satisfies Proposition 2.3.) We conclude that hN > 1.
Our proof of Proposition 4.1 is now complete.
4.2. The non-abelian normal CM-fields of degree 80. Assume that N is a non-abelian nor-
mal CM-field of degree 80. Then G(N/Q) has only one 5-Sylow subgroup. This is because
G(N+/Q) has only one 5-Sylow subgroup. Hence, N contains the unique normal CM-subfield
N16 of degree 16. If h−N = 1, then h−N16 = 1. In this subsection we assume h−N16 = 1. There are 26
normal CM-fields N16 of degree 16 with h−N16 = 1: G(N16/Q) ∈ {C16,C8 × C2,C4 × C4,C4 ×
C2 × C2,D16,G6,D8 × C2,Q8 × C2,G9}, where G6 and G9 are defined in [14]. See [6,7,23,
30], and [41] for full details. We will show the following:
Proposition 4.2. There is no normal CM-field of degree 80 with class number one.
Let K5 be a quintic totally real subfield of N and K˜5 its normal closure. Then N = K5N16
is the compositum of K5 and N16, K˜5 ⊂ N+, and G(K˜5/Q) ∈ {C5, D10, F5,4}. Our proof is
divided into nine parts according to G(N16/Q). When G(K˜5/Q) 
 C5 or D10 our proof is similar
to [9] which deals with the normal CM-fields of degree 48 containing a normal CM-subfield of
degree 16.
4.2.1. G(N16/Q) 
 C16. Then N16 = Q(e2iπ/17) [41]. Let G(N/Q) = 〈a, b | a5 = b16 = 1,
b−1ab = ai with i ≡ 0, 1 mod 5〉 with τ = b8. If i ≡ −1 mod 5, then G(K˜5/Q) 
 D10 and
hence h−N > 1 by [24, Theorem 5]. If i2 ≡ −1 mod 5, then G(K˜5/Q) 
 F5,4. Claim that if
i2 ≡ −1 mod 5, then 24 | h−N . Let N2 = Q(
√
17 ) and let N4 be the quartic subfield of N16. Since
G(K˜5/N2) 
 D10, 17ON4 = p4 and p splits completely in K˜5. So, the five prime ideals lying
above 17 in N+ are ramified in N/N+. By Proposition 2.1 point (3) 24 | h−N .
4.2.2. G(N16/Q) 
 C8 × C2. By [7] G(N+16/Q) 
 C8 and G(N/Q) = 〈a, b, c | a5 = b8 =
c2 = 1, b−1ab = ai, ac = ca, bc = cb〉, where τ = c, i ≡ 0, 1 mod 5. Since N16 = M8.1M8.2 is
a compositum of two imaginary fields M8.1 and M8.2 with G(M8.1/Q) 
 C4 ×C2, G(M8.2/Q) 

C8, and M+8.1 = M+8.2, we have N = N40.1N40.2, where N40.1 = K˜5M8.1 and N40.2 = K˜5M8.2. If
i ≡ −1 mod 5, then G(K˜5/Q) 
 D10, G(N40.1/Q) 
 Q20 × C2, and G(N40.2/Q) 
 C5  C8.
According to [38, Theorem 2] h−N40.1 > 1 and h
−
N40.2
> 1, so by Proposition 2.1 point (4)(ii)
hN > 1. If i2 ≡ −1 mod 5, then G(K˜5/Q) 
 F5,4, G(N40.1/Q) 
 F5,4 ×C2, and G(N40.2/Q) 

C5 2 C8, where C5 2 C8 is defined in [38]. By [38, Section 1], h−N40.2 > 1. Suppose that hN = 1.
According to Proposition 2.1 point (4)(ii) hN40.1 = 1 and hN40.2 = 2. By [38, Theorem 2] N40.1
contains both Q(e2iπ/5,
√−7 ) and the real cyclic quartic field associated with 〈χ5χ37 〉. However,
by [7] there is no field N16 with h−N16 = 1 such that G(N16/Q) 
 C8 × C2 and N16 contains
the real quartic field associated with 〈χ5χ37 〉 as well. Therefore, if G(N16/Q) 
 C8 × C2, then
hN > 1.
4.2.3. G(N16/Q) 
 C4 × C4. We have G(N/Q) = 〈a, b, c | a5 = b4 = c4 = 1, b−1ab = ai ,
c−1ac = aj , bc = cb〉, where τ = b2, i2 ≡ 1 mod 5, and (i, j) = (1,1).
(A) If j2 ≡ 1 mod 5, then G(K˜5/Q) 
 D10 and G(N/Q) 
 Q20 × C4. Note that N16 =
M8.1M8.2 is a compositum of two subfields M8.1 and M8.2 with G(M8.1/Q) 
 C4 × C2 
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+
8.1 = M+8.2, and G(M+8.1/Q) 
 C2 × C2. Hence N = N40.1N40.2, where for
i = 1,2 N40.i = K˜5M8.i and G(N40.i/Q) is isomorphic to D10 × C4 or Q20 × C2. According
to [38, Proposition 7 and Theorem 13] h−N40.i > 1 for i = 1,2 and hence hN > 1.
(B) If j2 ≡ −1 mod 5, then G(K˜5/Q) 
 F5,4 and G(N/Q) 
 F5,4 × C4. Let N4 be the
quartic subfield of K˜5. Then G(N/N4) 
 C5 × C4. There are two fields N16 such that h−N16 = 1
and G(N16/Q) 
 C4 × C4 [7]. Each of those two fields N16 has two totally real cyclic quartic
subfields, so we have four possible choices for N4. For each of four possible choices for N4 we
examine whether there exists N with h−N = 1. For each of four fields N4 we compute C such
that h−N = 1 implies fK˜5/N4  C. (We get C  69 000 for all of those four fields N4.) Using[38, Proposition 17] we find all possible conductors FK˜5/N4 with fK˜5/N4  C. We exclude the
conductors FK˜5/N4 that have at least two prime divisors which split completely in N16/N4. This
is because with such conductors we will have 5 | h−N by Proposition 2.1 point (7). (Note that
5 | wN16 .) Finally, we verify that among the remaining possible conductors FK˜5/N4 there is no
conductor which gives a primitive character of order 5 trivial on the image of Z as well as on the
image of the group of units of N4. So h−N > 1. We conclude that if G(N16/Q) 
 C4 × C4, then
hN > 1.
4.2.4. G(N16/Q) 
 C4 ×C2 ×C2. According to [7] G(N+16/Q) 
 C4 ×C2. Let G(N/Q) =
〈a, b, c, d | a5 = b4 = c2 = d2 = 1, b−1ab = ai, c−1ac = aj , ad = da, bc = cb, bd =
db, cd = dc〉, where τ = d , i4 ≡ 1 mod 5, j2 ≡ 1 mod 5, and (i, j) = (1,1).
(A) If (i, j) = (−1,1), then G(K˜5/Q) 
 D10 and G(N/Q) 
 Q20 ×C2 ×C2. The field N16 =
M8.1M8.2 is a compositum of two imaginary subfields M8.1 and M8.2 with G(M8.1/Q) 
 C4 ×
C2 
 G(M8.2/Q), M+8.1 = M+8.2, and G(M+8.1/Q) 
 C4. And N = N40.1N40.2, where N40.i =
K˜5M8.i for i = 1,2. For i = 1,2 G(N40.i/Q) 
 Q20 × C2 and h−N40.i > 1 by [38, Proposition 7].
According to Proposition 2.1 point (4) hN > 1.
(B) If i2 ≡ −1 mod 5, then G(K˜5/Q) 
 F5,4 and G(N/Q) 
 F5,4 × C2 × C2. Let M8.1
and M8.2 be as (A). Then N = N40.1N40.2, where N40.i = K˜5M8.i for i = 1,2. For i = 1,2
G(N40.i/Q) 
 F5,4 × C2. Suppose hN = 1. By Proposition 2.1 point (4)(ii), h−N40.1 = 1 or
h−N40.2 = 1. We may assume h−N40.1 = 1. By [38, Section 6] N40.1 = M8.1K5, where K5 = Q(θ)
with θ5 − 10θ3 + 20θ + 10 = 0 and M8.1 is associated with 〈χ5, χ37 〉. Since M+8.1 = M+8.2 is asso-
ciated with 〈χ5χ37 〉, N40.2 = M8.2(θ) where M8.2 is associated with 〈χ5χ37 , χ3〉 or 〈χ5χ37 , χ4〉 [7].
It is easy to see that 24 | h−N40.2 if M8.2 is associated with 〈χ5χ37 , χ3〉, and 5 | h−N40.2 if M8.2 is as-
sociated with 〈χ5χ37 , χ4〉. (We look at the decompositions of the ideals (3) and (5), respectively.)
A contradiction. It follows that hN > 1.
(C) If i2 ≡ 1 mod 5 and j ≡ −1 mod 5, then G(K˜5/Q) 
 D10 and G(N/Q) 
 D10 ×
C4 ×C2. The field N16 = L8.1L8.2 is a compositum of two imaginary subfields L8.1 and L8.2 with
G(L8.1/Q) 
 C4 × C2, G(L8.2/Q) 
 C2 × C2 × C2, L+8.1 = L+8.2, and G(L+8.1/Q) 
 C2 × C2.
Then N = F40.1F40.2, where F40.1 = K˜5L8.1 and F40.2 = K˜5L8.2. We have G(F40.1/Q) 

D10 × C4 and G(F40.2/Q) 
 D10 × C2 × C2. By [38, Theorem 9] h−F40.1 > 1 and hF40.2 > 1.
According to Proposition 2.1 point (4)(ii) hN > 1.
4.2.5. G(N16/Q) 
 Q8 × C2. By [42, Theorem 3] G(N+16/Q) 
 Q8. Hence, we have
G(N/Q) = 〈a, b, c, d | a5 = b4 = c4 = d2 = 1, c−1bc = b−1, b2 = c2, b−1ab = ai, c−1ac =
aj , d−1ad = a〉 with τ = d . It is easy to verify that i2 ≡ j2 ≡ 1 mod 5. Since N+16 has no
cyclic quartic subfield, G(K˜5/Q) is isomorphic to C5 or D10. Note that N16 = M8.1M8.2 is a
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 Q8, G(M8.2/Q) 

C2 × C2 × C2, M+8.1 = M+8.2, and G(M+8.1/Q) 
 C2 × C2.
(A) If (i, j) = (1,1), then G(K˜5/Q) 
 C5 and G(N/Q) 
 C5 × C2 × Q8. We have N =
N40.1N40.2, where N40.i = K˜5M8.i for i = 1,2, G(N40.1/Q) 
 C5 × Q8, and G(N40.2/Q) 

C10 × C2 × C2. By [29] and [7] h−N40.1 > 1 and h−N40.2 > 1, so hN > 1 by Proposition 2.1
point (4)(ii).
(B) If (i, j) = (1,1), then G(K˜5/Q) 
 D10 and G(N/Q) 
 Q40 × C2. We have N =
N40.1N40.2, where N40.i = K˜5M8.i for i = 1,2, G(N40.1/Q) 
 Q40, G(N40.2/Q) 
 D10 ×
C2 × C2. According to [24, Theorem 7] and [38, Theorem 9] h−N40.1 > 1 and hN40.2 > 1, so
hN > 1 by Proposition 2.1 point (4)(ii).
4.2.6. G(N16/Q) 
 D8 × C2. We have G(N/Q) = 〈a, b, c, d | a5 = b4 = c2 = d2 = 1,
b−1ab = ai, c−1ac = aj , d−1ad = ak, c−1bc = b−1, bd = db, cd = dc〉. It is easily veri-
fied that i2 ≡ j2 ≡ k2 ≡ 1 mod 5. Note that G(N+16/Q) is isomorphic to C2 × C2 × C2 or D8
according as τ = b2 or d , and that G(K˜5/Q) is isomorphic to C5 or D10. The field N16 =
M8.1M8.2 is a compositum of two imaginary subfields M8.1 and M8.2, where G(M8.1/Q) 
 D8,
and G(M8.2/Q) 
 D8 or G(M8.2/Q) 
 C2 × C2 × C2 according as τ = b2 or τ = d . Let
N40.i = K˜5M8.i for i = 1,2.
(A) If (i, j, k) = (1,1,1), then G(K˜5/Q) 
 C5 and G(N/Q) 
 D8 × C10. Then
G(N40.1/Q) 
 C5 × D8, and G(N40.2/Q) 
 C5 × D8 or C10 × C2 × C2. By [38] and [7]
h−N40.i > 1 for i = 1,2, which results in hN > 1.
(B) If (i, j, k) ∈ {(1,1,−1), (1,−1,−1), (−1,1,−1), (−1,−1,−1)}, then τ = b2,
G(K˜5/Q) 
 D10, and G(N/Q) 
 D8 × D10. Suppose that h−N = 1. According to [23, Theo-
rem 2] N+16 = Q(
√
2,
√
17,
√
5 ) and G(N/N+16) 
 C10. In a way similar to [9, Section 6.2] we
verify that h−N > 1.
(C) If (i, j, k) = (1,−1,1), then G(K˜5/Q) 
 D10 and G(N/Q) 
 D40 × C2. Moreover,
G(N40.1/Q) 
 D40, G(N40.2/Q) is isomorphic to D40 or D20 × C2 according as τ = b2 or
τ = d . By [17] and [38] h−N40.1 > 1 and hN40.2 > 1, so hN > 1.
(D) If i ≡ −1, j2 ≡ k ≡ 1 mod 5, then G(K˜5/Q) 
 D10 and G(N/Q) 
 (C5  D8) × C2.
Then G(N40.1/Q) 
 C5 D8 and G(N40.2/Q) is isomorphic to C5 D8 or D20 ×C2 according
as τ = b2 or τ = d . By [38] h−N40.1 > 1 and hN40.2 > 1, which implies hN > 1 by Proposition 2.1
point (4)(ii).
4.2.7. G(N16/Q) 
 D16. We have G(N/Q) = 〈a, b, c | a5 = b8 = c2 = 1, b−1ab = ai,
c−1ac = aj , c−1bc = b−1〉. It is easy to verify that i2 ≡ j2 ≡ 1 mod 5 and τ = b4. There are
four dihedral CM-fields N16 with hN16 = 1 [30, Theorem 10]. Let N2 = 〈a, b〉′.
(A) If i ≡ j ≡ 1 mod 5, then G(K˜5/Q) 
 C5, G(N/Q) 
 C5 × D16, and G(N/N2) 
 C40.
In a manner similar to [9, Section 4.1.1] we verify that hN > 1. In fact, for each of four fields N2
we compute C such that fN/N2 > C implies h
−
N > 1. We find all possible conductors FN/N2 and
construct the primitive characters of order 40 with these conductors. Finally, we compute and
verify that h−N > 1.
(B) If i ≡ 1 ≡ −j mod 5, then G(K˜5/Q) 
 D10 and G(N/Q) 
 D80. By [17] h−N > 1.
(C) If i ≡ −1 and j2 ≡ 1 mod 5, then G(K˜5/Q) 
 D10 and G(N/Q) = (〈a〉 × 〈b2, c〉) 
〈bc〉 
 (D8 × C5)  C2. Let N10 = 〈b2, c〉′, N4 = 〈a, b2〉′, and M2 = 〈a, b2, c〉′. Then
G(N10/Q) 
 D10 (N10 = K˜5), G(N/N4) 
 C20, G(N/M2) 
 C5 × D8, and G(N+/M2) 
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N4 ⊂ N16 and FN16/N4 = (1): N16 is the narrow Hilbert 2-class field of N2 [30, Theorem 10].
Moreover, FN4N10/N4 can be easily deduced from FN10/M2 = (f ). In a way similar to [9,
Section 4.1.2] we compute C such that f > C implies h−N > 1. We verify that there is no con-
ductor (f ) as in Proposition 2.3 such that f < C. Hence, hN > 1.
4.2.8. G(N16/Q) 
 G6. We have G(N/Q) = 〈a, b, c, z | a5 = b4 = c2 = z2 = 1, b−1ab =
ai, c−1ac = aj , z−1az = ak, c−1bc = bz, bz = zb, cz = zc〉, where i4 ≡ j2 ≡ k2 ≡ 1 mod 5
and τ = b2 or z. It is easily verified that k ≡ 1 mod 5.
(A) Assume i2 ≡ 1 mod 5. Let N40.1 = 〈b2z〉′ and N40.2 = 〈z〉′ or N40.2 = 〈b2〉′ accord-
ing as τ = b2 or τ = z. Then N = N40.1N40.2, G(N40.1/Q) ∈ {C5 × D8,D40,C5  D8}, and
G(N40.2/Q) ∈ {C5 ×C4 ×C2,D10 ×C4,Q20 ×C2} if τ = b2 or G(N40.2/Q) ∈ {C5 ×D8,C5 
D8,D40} if τ = z. By [38], h−N40.1 > 1 and h−N40.2 > 1 in any case. Then hN > 1 by Proposition 2.1
point (4)(ii).
(B) Assume i2 ≡ −1 mod 5. For any j ∈ {1,−1} we have G(K˜5/Q) 
 F5,4, τ = z, and
G(N/Q) 
 C5  G6. Moreover, N cannot be a compositum of two normal CM-subfields.
We may assume j ≡ 1 mod 5. Let N4 = 〈a, c, z〉′ and N20 = 〈c, z〉′. Then G(N4/Q) 
 C4,
G(N20/Q) 
 F5,4 (N20 = K˜5), and G(N/N4) 
 C5 × C2 × C2. Suppose h−N = 1. Since
h−N16 = 1 and G(N16/Q) 
 G6 with G(N+16/Q) 
 C4 × C2, N4 is either Q(
√
17 + 4√17 ) or
Q(
√
2 · 17 + 8√17 ) by [21, Theorem 2]. For each of two choices for N4 we will examine
whether there is an extension N such that G(N/N4) 
 C5 × C2 × C2 and h−N = 1. We com-
pute C such that fN20/N4 > C implies h
−
N > 1. Using [38, Proposition 17] we find all conductors
FN20/N4 with fN20/N4  C. Applying Proposition 2.1 point (7) we verify that all of the conduc-
tors FN20/N4 with fN20/N4  C give 5 | h−N , contrary to our assumption h−N = 1. It follows that
h−N > 1.
4.2.9. G(N16/Q) 
 G9. We have G(N/Q) = 〈a, b, c, z | a5 = b2 = c2 = z4 = 1, z−1az =
ai, b−1ab = aj , c−1ac = ak, c−1bc = bz2, bz = zb, cz = zc〉, where τ = z2, i2 ≡ j2 ≡
k2 ≡ 1 mod 5. There is only one normal CM-field N16 with h−N16 = 1 [30, Theorem 20]:
N16 = Q(
√
2,
√
5,
√
37,
√
−(2√2 + 3√5 )(2 + √5 ) ). Note that G(N16/Q(√p )) 
 D8 if p ∈
{2,5,17}, G(N16/Q(√m)) 
 C4 ×C2 if m ∈ {2 ·5, 2 ·37, 5 ·37}, and G(N16/Q(
√
2 · 5 · 37 )) 

Q8.
(A) If K5/Q is cyclic, then G(N/Q) 
 C5 × G9. Let N2 = Q(
√
5 · 37 ) and N10 = K5N2.
The field N16 has two non-normal CM-subfields K8.1 and K8.2 such that G(K8.1/N2) 
 C4 

G(K8.2/N2), and K8.1 and K8.2 are conjugate. Let K40.1 = K5K8.1 and K40.2 = K5K8.2. We
verify that h−N = (h−K40.1)2 and FK8.1/N2 = q31, where 2ON2 = q1q2. We verify h−K40.1 = 1 implies
fN10/N2  230. Then we find all possible conductors FN10/N2 with fN10/N2  230: FN10/N2 =
(11) or p35, where p
2
5 = 5ON2 . By Proposition 2.1 point (7), if FN10/N2 = (11), then 5 | h−K40.1
and hence 52 | h−N . If FN10/N2 = p35, then h−K40.1 = 376 538 301. We conclude that if G(N/Q) 

C5 × G9, then h−N > 1.
(B) Assume that K5 is not normal over Q. Then G(K˜5/Q) 
 D10. Let M2 be the quadratic
subfield of K˜5. We have G(N/Q) 
 (C5 ×C4 ×C2)C2, (D8 ×C5)C2, or (Q8 ×C5)C2
according as M2 = Q(√p ), Q(√m), or Q(
√
2 · 5 · 37 ), where p and m are as above. For each
case we proceed as (A): find all possible conductors and compute h−N . We verify that h−N > 1.
Now, our proof of Proposition 4.2 is complete.
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In this section we will show the following.
Proposition 5.1. Every normal CM-field N of degree 72 has hN > 1.
Let N be a non-abelian normal CM-field of degree 72. The proof of Proposition 5.1 is di-
vided into three parts. In Section 5.1 we deal with the fields N containing an octic normal
CM-subfield N8 with G(N/N8) 
 C9. The fields N containing an octic normal CM-subfield
N8 with G(N/N8) 
 C3 × C3 are studied in Section 5.2. In Section 5.3 we will investigate the
fields N containing a non-normal octic CM-subfield.
5.1. Non-abelian normal CM-fields N of degree 72 containing an octic normal CM-subfield
N8 with G(N/N8) 
 C9. Let a be a generator of the cyclic subgroup of order 9 of G(N/Q).
Since g−1a3g = a3 or a6 for all g ∈ G(N/Q), 〈a3〉 is normal in G(N/Q). So, N has a unique
normal CM-subfield N24 of degree 24. Assume h−N24 = 1. Then G(N24/Q) is not abelian and
hence G(N24/Q) ∈ {D24, C3 ×D8, C4 ×D6, C2 ×D12} [17,19,38]. Suppose that G(N24/Q) is
abelian. According to [6] and [7] we have G(N24/Q) ∈ {C4 ×C2 ×C3, C2 × C2 ×C2 ×C3}. It
is easy to see that if G(N24/Q) ∈ {C4 ×C2 ×C3,C2 ×C2 ×C2 ×C3}, then G(N/Q) is abelian.
A contradiction. Denote by J2 a 2-Sylow subgroup of G(N/Q).
Case 1. G(N24/Q) ∈ {D24, C3 × D8}. Then J2 
 D8 and G(N/Q) = 〈a, b, c | a9 = b4 =
c2 = 1, b−1ab = ai, c−1ac = aj , c−1bc = b−1〉 with τ = b2 and i2 ≡ j2 ≡ 1 mod 9. If
G(N24/Q) 
 D24, then i ≡ 1 and j ≡ −1 mod 9, so G(N/Q) 
 D72 and h−N > 1 by [17]. If
G(N24/Q) 
 C3 × D8, then i ≡ j ≡ 1 mod 9, so G(N/Q) 
 C9 × D8. Suppose h−N = 1. By
[38, Theorem 1 point (3)], N24 = N3N8, where N3 is the cubic cyclic field with conductor 13
and N8 = Q(
√
13,
√
17,
√
−(9 + √13 )/2 ). However, the cubic cyclic field N3 of conductor 13
cannot be embedded in a cyclic field of degree 9. This yields that if G(N24/Q) 
 C3 × D8 then
h−N > 1.
Case 2. G(N24/Q) 
 C4 × D6. We have J2 
 C4 × C2 and G(N/Q) = 〈a, b, c | a9 = b4 =
c2 = 1, b−1ab = a, c−1ac = a−1, bc = cb〉 with τ = b2, so G(N/Q) 
 C4 × D18. Suppose
h−N = 1. By [38, Theorem 1 point (1)], N24 = Q(e2iπ/5,
√
13, α) with α3 − 10α − 10 = 0. (Note
that Q(α) is of discriminant 22 · 52 · 13.) Let N18 = 〈b〉′ so that G(N18/Q) 
 D18. Then N6 =
Q(α,
√
13 ) ⊂ N18 and G(N18/Q(
√
13 )) 
 C9. However, N6 cannot be embedded in a normal
number field N18 with G(N18/Q) 
 D18. This is because FN6/Q(√13 ) = (10) and there is no
character of order 9 on any (O
Q(
√
13 )/(5
n))∗ n  1, a group of order 24 · 25n−1 not divisible
by 9. It follows that h−N > 1 if G(N24/Q) 
 C4 × D6.
Case 3. G(N24/Q) 
 C2 × D12. Then J2 
 C2 × C2 × C2, and G(N/Q) = 〈a, b, c, d | a9 =
b2 = c2 = d2 = 1, b−1ab = ai, c−1ac = aj , ad = da, bc = cb, bd = db, cd = dc〉 with
i ≡ −1 mod 9, j ≡ 1 mod 9 and τ = d . We have G(N/Q) = 〈c〉 × 〈a, b, d〉 
 C2 × D36.
There are two normal CM-subfields N36.1 = 〈c〉′ and N36.2 = 〈bc〉′ with G(N36.1/Q) 
 D36 

G(N36.2/Q). According to [17] h−N36.1 > 1 and h
−
N36.2
> 1, so hN > 1 by Proposition 2.1
point (4)(ii).
5.2. Non-abelian normal CM-fields of degree 72 containing an octic normal CM-subfield N8
with G(N/N8) 
 C3 × C3.
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subfield N8 with G(N/N8) 
 C3 × C3. Then either N has at least two normal CM-subfields of
degree 24 or every subfield of degree 24 of N is not normal.
Proof. Let H be a subgroup of order 8 of G(N/Q) and let S = {B1,B2,B3,B4} be the set
of the four subgroups of order 3 of G(N/Q). Let H act on S by conjugation and let S0 =
{Bi | hBih−1 = Bi for all h ∈ H }. Then |S0| ≡ |S| mod 2. Thus, if there is a subgroup Bi with
Bi ∈ S0, then Bi is normal in G(N/Q) and |S0| 2. The result follows. 
5.2.1. Assume that N = N24.1N24.2 is a compositum of two normal CM-fields of degree 24
with relative class number one. Then N8 = N24.1 ∩ N24.2 is the octic normal subfield of N .
(A) If G(N8/Q) 
 D8, then (G(N24.1/Q),G(N24.2/Q)) = (D24,C3 × D8). By [17] and
[38], there is no pair of (N24.1,N24.2) such that h−N24.1 = h−N24.2 = 1, G(N24.1/Q) = D24,
G(N24.2/Q) = C3 × D8, and [N24.1 ∩ N24.2 : Q] = 8 as well. It follows that if G(N8/Q) 
 D8,
then h−N > 1.
(B) If G(N8/Q) 
 C4 × C2, then (G(N24.1/Q),G(N24.2/Q)) = (C4 × C2 × C3,C4 × D6).
Using [7] and [38] we verify that there is no pair of (N24.1,N24.2) with [N24.1 ∩ N24.2 : Q] = 8,
so h−N > 1.
(C) If G(N8/Q) 
 C2 × C2 × C2, then (G(N24.1/Q),G(N24.2/Q)) ∈ {(C2 × C2 × C2 ×
C3,C2 × D12), (C2 × D12,C2 × D12)}.
(i) Assume G(N24.1/Q) 
 C2 × C2 × C2 × C3 and G(N24.2/Q) 
 C2 × D12. Since we do
not know all of the normal CM-fields N24.2 with G(N24.2/Q) 
 C2 × D12 and h−N24.2 = 1,
we use the fact that N is a compositum of two normal CM-subfields of degree 36. In fact,
G(N/Q) = 〈a, b, c, d, e | a3 = b3 = c2 = d2 = e2 = 1, ab = ba, τ = c, d−1ad = a−1,
e−1ae = a, d−1bd = b, e−1be = b, de = ed〉 = 〈a, d〉× 〈b〉× 〈c〉× 〈e〉 
 D6 ×C3 ×C2 ×C2.
Let N36.1 = 〈e〉′ and N36.2 = 〈ce〉′. Then N = N36.1N36.2 with N+36.1 = N+36.2 = 〈c, e〉′, and
G(N36.1/Q) 
 C3 × D12 
 G(N36.2/Q). By Proposition 2.1 point (4)(ii) if hN = 1, then ei-
ther h−N36.1 = 1 or h−N36.2 = 1. Say h−N36.1 = 1. Then the imaginary abelian subfield N12 of N36.1
is one of the following three fields: the fields associated with the Dirichlet character groups
〈χ3, χ37 ,ψ9〉, 〈χ3, χ3χ25 ,ψ9〉, 〈χ4ψ8, χ511, χ27 〉 [8]. By [7] there is no imaginary field N24.1 with
G(N24.1/Q) 
 C2 × C2 × C2 × C3 containing any one of these three fields of degree 12, so
hN > 1.
(ii) If G(N24.1/Q) 
 C2 × D12 
 G(N24.2/Q), then N24.1 = N12.1N12.2 and N24.2 =
M12.1M12.2 are composita of two normal CM-fields with Galois group D12. Let N4.1 =
N12.1 ∩ N8 and N4.2 = N12.2 ∩ N8 so that N8 = N4.1N4.2 with N+4.1 = N+4.2. It is easy to
see that h−N24.1/h
−
N8
= (h−N12.1h−N12.2)/(h−N4.1h−N4.2). (See [38, p. 66, (1)].) We claim that we
cannot have h−N24.1 = h−N24.2 = 1, which implies hN > 1. Suppose h−N24.1 = h−N24.2 = 1. Then
h−N12.1h
−
N12.2
= h−N4.1h−N4.2 . We verify that h−N4.1h−N4.2 = 1 or 2 for all of the 17 fields N8 = N4.1N4.2
with G(N8/Q) 
 C2 × C2 × C2 and h−N8 = 1 [7]. Hence, h−N24.1 = 1 implies that N12.1 or N12.2
has relative class number one. Similarly, h−N24.2 = 1 yields that h−M12.1 = 1 or h−M12.2 = 1. Say
h−N12.1 = h−M12.1 = 1. By [17], there are 13 pairs (N12.1,M12.1) such that h−N12.1 = h−M12.1 = 1 and
N12.1 ∩ M12.1 contains a quadratic subfield. For each of those 13 pairs (N12.1,M12.1) we obtain
N8, N24.1 = N12.1N8, and N24.2 = M12.1N8. Those fields N24.1 and N24.2 are listed in [38, Ta-
ble 3] as well as h−N24.1 and h
−
N24.2
. There is no pair (N24.1,N24.2) satisfying h−N24.1 = h−N24.2 = 1,
contrary to our initial assumption. Consequently, h− > 1.N
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(a) G(N/Q) = 〈a, b, c | a3 = b3 = c8 = 1, ab = ba, c−1ac = b2, c−1bc = a〉 with τ = c4 and
G(N8/Q) 
 C8, or (b) G(N/Q) = 〈a, b, c, d | a3 = b3 = c4 = d2 = 1, ab = ba, c−1ac = b2,
c−1bc = a〉 with τ = d, G(N8/Q) 
 C4 ×C2, and G(N+8 /Q) 
 C4. (See [39, Proposition 5.1].)
(a) Assume that G(N8/Q) 
 C8. Let N2 be the quadratic subfield of N8. If h−N = 1, then
h−N8 = 1, so N2 = Q(
√
q ) with q ∈ {2,41} by [41]. Let K12 = 〈a, c4〉′. Then K12/N2 is a normal
extension with G(K12/N2) 
 D6. By [3, Proposition 10.1.26] the prime ideal of N+8 dividing q
splits completely in K12/N+8 . Those three prime divisors of (q) in K12 are ramified in K24/K12,
where K24 = 〈a〉′ with K+24 = K12. By Proposition 2.1 points (3) and (5), 22 | h−K24 and so 22 | h−N .
(b) Assume that G(N8/Q) 
 C4 × C2. Then G(N/N+8 ) 
 C3 × C3 × C2. By [7] there are
18 fields N8 with h−N8 = 1. Let K24.1 = 〈a〉′ and K24.2 = 〈b〉′. For each of these 18 fields N8 we
determine C such that if h−K24.1 = 1, then fK+24.1/N+8  C. Then we find all possible conductors
and modular characters χ . Finally we compute L(1, χ) and h−K24.1 . We verify that there is no
character χ which gives h−K24.1 = 1. This results in h−N > 1.
5.3. Non-abelian normal CM-fields of degree 72 containing non-normal octic CM-field. We
use the following lemma to determine G(N/Q).
Lemma 3. Let N be a normal CM-field of degree 72. If N contains a non-normal octic CM-
field, then N contains both a normal CM-subfield N24 of degree 24 with G(N24/Q) ∈ {A4 ×C2,
SL(2,3)} and a unique normal field N9 of degree 9.
Proof. (a) We claim that G(N/Q) has a normal subgroup of order 3. Let J3 be a 3-Sylow sub-
group of G(N/Q). Since a 3-Sylow subgroup of G(N/Q) is not normal, the subgroup 〈J3 ∪ τ 〉
generated by J3 and 〈τ 〉 is a non-normal subgroup of order 18. So the fixed field K4 = 〈J3 ∪ τ 〉′
is a non-normal quartic subfield of N+ and the normal closure K˜4 of K4 has Galois group
G(K˜4/Q) 
 A4. Thus G(N/K˜4) is a normal subgroup of order 6 and the subgroup of index 2
of G(N/K˜4) is normal in G(N/Q). This proves our claim. We denote this subgroup of or-
der 3 by 〈a〉 so that G(N/K˜4) = 〈a, τ 〉 
 C6. Then N24 = 〈a〉′ is a normal CM-subfield of
degree 24 with G(N+24/Q) 
 A4 and N+24 = K˜4. Hence, G(N24/Q) ∈ {A4 × C2,SL(2,3)}. Note
that H 2(A4, {±1}) is of order 2.
(b) We will show that N+ has a unique normal subfield N9 of degree 9. Suppose the contrary.
Let N9 be a non-normal subfield of degree 9 of N+. Then the normal closure N˜9 would be N+.
Otherwise, N˜9 ∩ N+24 is a normal subfield of degree 6 of N+24, which is absurd. By [5] there is
no transitive group of degree 9 with order 36 such that it has a factor group isomorphic to A4.
A contradiction. 
5.3.1. Assume that N contains a normal CM-subfield of degree 24 with G(N24/Q) 

A4 × C2. By [19] if h−N24 = 1, then N24 ∈ {K˜4Q(
√−2 ), L˜4Q(
√−3 )}, where K˜4 and L˜4 are
the normal closures of the quartic fields K4 and L4 with discriminants 312 and 612, respectively.
The cubic cyclic subfields of K˜4 and L˜4 are of conductors 31 and 61, respectively. However, nei-
ther the cubic cyclic of conductor 31 nor that of conductor 61 can be embedded in a cyclic field
of degree 9. Hence, if N has a normal cyclic subfield of degree 9, then h−N > 1. From now on we
assume that N has a normal subfield with Galois group isomorphic to C3 × C3. Then a 3-Sylow
subgroup of G(N/Q) is isomorphic to C3 × C3 and is at the same time not normal. There is a
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K˜12 = N+. By [5] G(N+/Q) 
 A4 × C3, so G(N/Q) 
 A4 × C3 × C2. Hence, N contains an
imaginary abelian subfield N18 with G(N18/Q) 
 C2 ×C3 ×C3, so N has four cyclic cubic sub-
fields Fi for 1 i  4 and an imaginary quadratic subfield Q(
√−m). We let F1 be the unique
cyclic cubic subfield of N24. If h−N = 1, then h−N24 = 1 and hence (dF1,m) ∈ {(312,2), (612,3)}.
By [40], there is no triplet (F2,F3,F4) such that for 2 i  4 the composita FiQ(
√−m) have
relative class number 1, 2 or 4 and at the same time the compositum F1F2F3F4 has Galois group
isomorphic to C3 × C3. Therefore, h−N > 1.
5.3.2. Assume that N contains a normal CM-field N24 of degree 24 with G(N24/Q) 

SL(2,3). Let N3 be the unique cubic cyclic subfield of N24. By [19, Theorem 11] if h−N24 = 1,
then hN+24 is odd, N
+
24 is the Hilbert 2-class field of N3, and N24/N3 is unramified at the finite
places. Let J3 be a 3-Sylow subgroup of G(N/Q).
(a) Assume that J3 
 C9. Let H be the subgroup of order 9 containing G(N/N24) and let
K8 = H ′. Then G(N/K+8 ) 
 C9 × C2. Since G(N+24/Q) 
 A4 and N+24/N3 is unramified, there
is a prime divisor of pOK+8 with p | dN3 that is ramified in N
+
24/K
+
8 . Hence N24/K8 is not un-
ramified because G(N24/K+8 ) 
 C6, which implies that neither is N/N24; for G(N/K8) 
 C9.
According to [50, Theorem 10.1] hN24 | hN . By [19] if hN24 = 1, then N3 is of conductor 163
and K+8 is of discriminant 1632. For the conductor FN9/N3 of N9/N3, we verify that if h−N = 1,
then fN9/N3  440, which implies FN9/N3 = p163, where 163ON3 = p3163. If FN9/N3 = p163, then
FN+/K+8 = P163P
′
163 with 163OK+8 = P163P
′3
163, and h
−
N = (4051)2 > 1. Hence, hN > 1.
(b) Assume that J3 
 C3 × C3. Let K8 be a non-normal octic CM-subfield. We can eas-
ily verify that G(N+/Q) 
 A4 × C3, G(N/Q) 
 SL(2,3) × C3, G(N/K8) 
 C3 × C3, and
G(N/K+8 ) 
 C3 × C3 × C2. Similarly to (a) we verify that hN > 1 (see [39, Section 5.3.2]).
6. The non-abelian normal CM-fields of degree 60 or 84
Proposition 6.1. Every normal CM-field of degree 60 or 84 has relative class number greater
than one.
Before starting the proof, we need the following.
Lemma 4. Let N be a non-abelian normal CM-field of degree 12q with q ∈ {5,7}. Then
(1) N has a normal CM-subfield N12 of degree 12 with G(N12/Q) ∈ {C12,C6 ×C2,D12,Q12};
(2) N has a unique imaginary abelian quartic subfield N4 so that G(N/N4) 
 C15 if q = 5,
G(N/N4) is isomorphic to C21 or F7,3 if q = 7;
(3) If G(N/N4) 
 C3q , then N has a normal CM-subfield N4q of degree 4q .
Proof. (1) A group of order 84 has only one 7-Sylow subgroup. Suppose that G(N/Q) of or-
der 60 has a non-normal subgroup H of order 5. Then, N is the normal closure of N12 = H ′.
According to [5], there is no transitive group of order 12, order 60 and non-trivial center. A con-
tradiction. So, H is normal in G(N/Q) and N12 is a normal CM-subfield of N . According to [31,
Lemma 3] if N12 is a non-abelian normal CM-field, then G(N12/Q) 
 D12 or Q12. The result
follows.
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Claim that J3Jq is normal in G(N/Q). If J3 is normal in G(N/Q), then so is J3Jq . Suppose that
neither J3 nor J3Jq is normal in G(N/Q). Then K4 = (J3Jq)′ would be a non-normal quartic
CM-subfield of N and hence the normal closure of K4 would be N12. However, the quartic
subfield K4 of N12 would be a normal extension of Q because G(N12/Q) ∈ {C12,C6 × C2,
D12,Q12}. A contradiction. Thus J3Jq is normal in G(N/Q). Set N4 = (J3Jq)′. If q = 5, then
J3Jq 
 C15. If q = 7, then J3Jq is isomorphic to either C21 or F7,3.
(3) Since J3Jq is normal in G(N/Q) and is cyclic as well, J3 is normal in G(N/Q). Then
N4q = J ′3 is a normal CM-subfield of N . 
The proof of Proposition 6.1 is divided into two parts:
6.1. The fields N with G(N/N4) 
 C3q .
6.2. The fields N with G(N/N4) 
 F7,3.
6.1. G(N/N4) 
 C3q . Let N4q be as above. According to Proposition 2.1 point (5) h−N = 1
implies h−N4q = h−N12 = 1. By [6,7,17], and [31] h−N4q = 1 implies q = 5 and G(N20/Q) ∈
{D20,C10 × C2,C20}. In this subsection we assume that q = 5 and h−N20 = h−N12 = 1. Then
N = N12N20, N4 = N12 ∩ N20, and G(N12/Q) ∈ {C12,C2 × C6,D12} [24, Theorem 7]. So
(G(N12/Q),G(N20/Q)) ∈ {(D12,D20), (D12,C10 × C2), (C6 × C2, D20)}.
Case 1. (G(N12/Q),G(N20/Q)) = (D12,D20). By [17] and [31] there is no pair (N12,N20)
such that h−N12 = h−N20 = 1 and N12 ∩ N20 is an imaginary abelian quartic field.
Case 2. (G(N12/Q),G(N20/Q)) = (D12,C10 ×C2). By [7,17] and [31] there is only one pair
(N12,N20): N4 = Q(
√−1,√−3 ), N+4 = Q(
√
3 ), N12 = N4(θ) with θ3 − 15θ − 20 = 0, N20 is
associated with 〈χ3, χ4, χ211〉, and G(N/N+4 ) 
 C2 × C3 × C5. Using the Hecke’s L-functions
we compute h−N and verify that h
−
N = h−N/h−N20 = 85 6012 > 1.
Case 3. (G(N12/Q),G(N20/Q)) = (C6 × C2,D20). By [7] and [17] there is only one pair
(N12,N20): N4 = Q(
√−35,√−2 ), N+4 = Q(
√
70 ), N12 is associated with 〈χ25 χ37 , χ4ψ8, χ27 〉,
N20 = N4(θ) with θ5 − 35θ3 − 30θ2 + 10θ + 4 = 0, and G(N/N+4 ) 
 C2 ×C3 ×C5. Similarly
to case 2 we get h−N = h−N/h−N12 = 28512.
We conclude that if G(N/N4) 
 C3q , then h−N > 1.
6.2. G(N/N4) 
 F7,3 = 〈a, b | a7 = b3 = 1, b−1ab = a2〉. Assume h−N12 = 1. First we will
determine G(N/Q). Second, for a given group G(N/Q) we will construct all possible fields N
in order to have h−N = 1. Finally, we will compute and verify that h−N > 1. To begin with we claim
that G(N12/Q) must be abelian. According to [31, Lemma 3 and Theorem 7] if G(N12/Q) is not
abelian and h−N12 = 1, then G(N12/Q) 
 D12. Suppose G(N12/Q) 
 D12. Let c and d be two
generators of a 2-Sylow subgroups of G(N/Q) with τ = c so that G(N12/Q) 
 G(N/Q)/〈a〉 =
〈b¯, d¯〉×〈c¯〉 with d¯2 = 1¯ and d¯−1b¯d¯ = b¯2. Then (b¯d¯)2 = 1¯ and hence (bd)2 ∈ 〈a〉. It is easy to see
that (bd)2 ∈ 〈a〉 ends up a contradiction. Therefore, G(N12/Q) is abelian. If G(N12/Q) 
 C6 ×
C2, then G(N/Q) = 〈a, b, d | a7 = b3 = d2 = 1, b−1ab = a2, bd = db, d−1ad = ak〉 × 〈c〉
with k2 ≡ 1 mod 7 and τ = c. If G(N12/Q) 
 C12, then G(N/Q) = 〈a, b, d | a7 = b3 = d4 = 1,
b−1ab = a2, bd = db, d−1ad = ak〉 with k2 ≡ 1 mod 7 and τ = d2.
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 C6 × C2 and k = 1. Then G(N/Q) = 〈a, b〉 × 〈d〉 × 〈c〉 and
N has a normal CM-subfield N42 = 〈d〉′ of degree 42. According to [16] h−N42 > 4 and hence
h−N > 1.
(B) Assume that G(N12/Q) 
 C12 and k = 1. Let N3 = 〈a, d〉′ and N21 = 〈d〉′. Then
G(N/N3) 
 C28 and G(N21/Q) 
 F7,3. By [6] there are six fields N12 with h−N12 = 1. We
verify that h−N = 1 implies fN21/N3  310. We verify that there is no conductor FN21/N3 with
fN21/N3  310 that satisfy [16, Propositions 1–3], which yields h−N > 1.
(C) Assume k = −1. Let N3 = 〈a, c, d〉′ and N21 = 〈c, d〉′ if G(N12/Q) 
 C6 × C2, and let
N3 = 〈a, d〉′ and N21 = 〈d〉′ if G(N12/Q) 
 C12. Since G(N/N3) is not abelian, we consider
the extension N/N+12 (N+12 = 〈a, c〉′ or 〈a, d2〉′ according as G(N12/Q) is isomorphic to C6 ×C2
or C12). Then G(N/N+12) 
 C14, G(N+/N+12) 
 C7, and G(N+/N3) 
 D14. According to [7]
there are 34 fields N12 with G(N12/Q) 
 C6 × C2 and h−N12 = 1. For all of 40(= 6 + 34) fields
N12 with h−N12 = 1 we compute C such that h−N = 1 implies fN+/N+12  C. We verify that there is
no conductor FN+/N+12 with fN+/N+12  C that satisfies [3, Propositions 10.1.25 and 28], which
yields h−N > 1.
7. The non-abelian normal CM-fields of degree 54
Let N be a non-abelian normal CM-field of degree 54. Then G(N/Q) 
 〈τ 〉×G(N+/Q) and
the center of G(N+/Q) is of order 3. Let H be the subgroup of order 3 of C(G(N/Q)) and set
N18 = H ′. Then G(N18/Q) 
 C2 × C3 × C3. If h−N = 1, then h−N18 = 1. According to [7] N18
is associated with the character group 〈χ3, χ27 ,ψ9〉. From now on we assume that h−N18 = 1 and
hence N+18 is associated with 〈χ27 ,ψ9〉. In this section we will show the following.
Proposition 7.1. Every normal CM-field of degree 54 has relative class number greater than one.
Before proceeding the proof we need the following.
Lemma 5. Let p be a prime number with p = 3 and let L be an abelian extension of a number
field M with G(L/M) 
 C3 ×C3. Then the prime ideal(s) p lying above p in M cannot be totally
ramified in L.
Proof. Let P be a prime ideal in L lying above p. Suppose that G−1(P) = G0(P) = G(L/M) 

C3 × C3. According to [47, Corollaries 1 and 3, Chapter IV, Section 2] G0(P)/G1(P) is cyclic
and G1(P) is a p-Sylow subgroup of G0(P). It cannot be happened if p = 3. 
Proof of Proposition 7.1. Since there are two non-abelian groups of order 33, we have two
choices for G(N/Q). Our proof is divided into two parts according to G(N/Q).
I. Assume that G(N/Q) = 〈τ 〉 × 〈a, b | a9 = b3 = 1, b−1ab = a4〉. The subfield lattice of N
is given in Fig. 3. Let N6 = 〈a〉′, K9.1 = 〈b, τ 〉′, K9.2 = 〈a3b, τ 〉′, K9.3 = 〈a6b, τ 〉′, and N3 =
〈a3, b, τ 〉′. Then G(N/N6) 
 C9, N+18 = 〈a3, τ 〉′, N+6 = 〈a, τ 〉′, and G(N+/N3) 
 C3 × C3.
Furthermore, a(K9.1) = K9.2, a2(K9.1) = K9.3, FK9.2/N3 = a(FK9.1/N3), and FK9.3/N3 =
a2(FK9.1/N3). Note that N3 is the unique cyclic cubic subfield such that G(N+/N3) 
 C3 × C3.
For the other cyclic cubic subfields K ∈ {N+, 〈ab, τ 〉′, 〈a2b, τ 〉′}, G(N+/K) 
 C9 and6
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G(N/K) 
 C9 ×C2. The field N3 is associated with one of the four groups: 〈χ27 〉, 〈ψ9〉, 〈χ27 ψ9〉,
and 〈χ27 ψ29 〉. We study all possible choices for N3.
(a) Claim that N3 cannot be associated with 〈ψ9〉. Suppose that N3 is associated with 〈ψ9〉.
The ideal (7) = 7ON3 remains prime and (7) is ramified in N+18/N3. Moreover, (7) is ramified in
exactly two more extensions among the three extensions K9.1, K9.2, K9.3. But these three fields
K9.1, K9.2, K9.3 are conjugate over Q. If (7) is ramified in any one of these three fields, then
(7) is ramified in all of these three fields and hence (7) is totally ramified, which contradicts
Lemma 5.
(b) Assume that N3 is associated with 〈χ27 〉. Then (3) = 3ON3 remains prime and (3) is ram-
ified in N+18/N3 and hence is totally ramified in N+/N3 and FN+18/N3 = (3)
2
. We claim that if
h−N = 1, then FK9.1/N3 is of the form p7(3)i with i  2, where p37 = 7ON3 . Let K18 = 〈b〉′ and
M6 = 〈a3, b〉′. Then K+18 = K9.1 and G(K18/N3) 
 C6. Suppose that p = 3, 7 and the prime
ideal(s) lying above p is (are) ramified in K9.1/N3. If p splits in Q(
√−3 ), then 3 | h−N . Since the
ideal (7) splits in Q(
√−3 ), there are at least two prime ideals that split in M6/N3. According to
Proposition 2.1 point (7) 3 | h−K18 and hence 3 | h−N . If (−3p ) = −1, then p3 ≡ p ≡ 2 mod 3. The
group (ON3/(p))∗ is of order p3 − 1 or (p − 1)3. However, p3 − 1 ≡ 0 and (p − 1)3 ≡ 0 mod 3.
This means that there is no primitive character of order 3 with conductor p7(3)i(p). This proves
our claim. It is easy to show that if there is a primitive character of order 3 with conductor p7(3)i ,
then i  2. So, i = 2. We will compute h−K18 . Let χ be any one of two characters of order 3 associ-
ated with the extension K9.1/N3 and the conductor p7(3)2, ψ the quadratic character associated
with M6/N3. We compute and verify that h−K18 = h−K18/h−M6 = NQ(√−3 )/Q(L(0,ψχ)/8) = 4.
We conclude that h−N > 1 in this case.
(c) When N3 is associated with 〈χ27 ψ9〉 or 〈χ27 ψ29 〉, we can show h−N > 1 by the same argument
as (b).
II. Assume now that G(N/Q) = 〈τ 〉 × 〈a, b, c | a3 = b3 = c3 = 1, c = a−1b−1ab, ac = ca,
bc = cb〉. We claim that h− > 1. Note that for every cyclic cubic subfield F , G(N+/F ) 
N
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each others. Suppose that h−N = 1. Then we choose for F one of the four cyclic cubic fields
associated with 〈χ27 〉, 〈ψ9〉, 〈χ27 ψ9〉, and 〈χ27 ψ29 〉. We let F be associated with 〈ψ9〉. By the same
argument as in (a) above, the prime ideal lying above 7 is totally ramified in the extension N+/F .
This contradicts Lemma 5. Hence h−N > 1.
Now our proof of Proposition 7.1 is complete. 
Hence, our proof of Theorem 1 is now complete.
Our numerical results are obtained by using PARI-GP [1] and KASH [10].
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